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On the Efficiency and Stability of a Two-Way Flow Network with
Small Decay: A Note*
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Abstract

The seminal two-way flow strategic network formation model of Bala and Goy-
al (2000b) exhibits a substantial tension between stability and efficiency. In
this note, I show that despite this tension every link receiver in a Nash network
serves as an efficient transmitter of information assuming a small degree of
information decay. Thus, a strategic decision of every link sender, who always
forms links with efficient link receivers for his own interest, does in part lead
to a socially desirable outcome. I also show how this finding can potentially
refine some results in the literature.
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Resumen

El modelo seminal de formacion de redes estratégicas de flujo bidireccional
de Bala y Goyal (2000b) presenta una tension considerable entre la estabili-
dad y la eficiencia. En esta nota, muestro que, a pesar de dicha tension, cada
receptor de enlace en una red de Nash actiia como un transmisor eficiente de
informacion si se asume un pequeiio grado de decaimiento de la informacion.
De este modo, la decision estratégica de cada emisor de enlace, quien siem-
pre forma enlaces con receptores de enlace eficientes en su propio beneficio,
conduce en parte a un resultado socialmente deseable. Ademds, muestro como

este hallazgo puede refinar algunos resultados existentes en la literatura.

Palabras clave: Formacion de redes, red de Nash, Red bidireccional, Agentes
heterogéneos, Red eficiente.

Clasificacion JEL: C72, D85.

1. INTRODUCTION

In a social network, information transmission tends to be imperfect. In the
literature of strategic network formation, a rigorously studied form of imper-
fect information transmission is the so-called ‘small decay’. It captures the
idea that the worth of information decays as it traverses through each link. Yet
this decay is sufficiently small that, if a chain between two agents exists, then
neither agent finds an incentive to shorten the distance through a costly link
formation. This assumption of ‘small decay’ is rigorously studied in the con-
text of two-way flow model of network formation with nonrival information
by De Jaegher and Kamphorst (2015), which is an extended model of network
formation proposed in the seminal paper of Bala and Goyal (2000b). Their
major novel findings, which allow them to finely characterize the equilibrium
networks, are; (i) best-informed agents, defined as agents who received more
information than others, are attractive as link receivers and (ii) these best-in-
formed agents are located ‘in the middle’ of other agents.

In this note, I complement these novel findings by showing that every
best-informed agent, in addition to being an optimal choice as a link receiver
from a strategic perspective of self-interest agents, is also an agent that trans-
mits information most efficiently in the network. That is, within a group of
agents M if a link sender i ’s best response is to choose a best-informed agent
j €M as alink receiver, then j is also the agent that maximizes the total in-
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formation that flows within the network. These results are established as Prop-
osition 1 and Remark 2 in this note. See Figure Figure 1 in the Appendix for an
intuitive, informal example of this insight’.

FIGURE 1
EXAMPLE 1
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Notes: On the left (picture (a)), two groups of agents are disconnected. If the decay is
small, then within the group of Susan, Pete and John it can be shown that Susan,
who is in the middle, possesses more informational quantity than Pete and John do
(see lemma 1 in de jaegher and kamphorst (2015)). Consequently, on one hand, if
Frank wants to acquire information with the group of Susan, John and Pete, then for
the benefit of his own interest Frank will choose Susan as his partner, as shown on
the upper right (picture (b)), rather than John or Pete, as shown on the lower right
(picture (c)). On the other hand, proposition 1 in this note further shows that Susan
- rather than John and Pete - is also an agent that efficiently transmits information in

the network.

I provide a brief literature review and threefold contributions of this note
as follows. First, existing literature in the strand of two-way flow network for-
mation shows that there is a substantial tension between efficient network and
equilibrium networks. Specifically, within the context of the aforementioned
two-way flow model of network formation with nonrival information Propo-
sition 1 and 2 in De Jaegher and Kamphorst (2015) show that the set of Nash
networks can be large and does contain networks that have long diameters,

This Figure is inspired by Figure 1 in De Jaegher and Kamphorst (2015).
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while Proposition 5.5 in Bala and Goyal (2000b) shows that a star - a network
with diameter of only 2 - is a unique minimal nonempty efficient network.
Thus, considering the differences in terms of network architectures and dia-
meters the tension between efficient networks and Nash networks is quite ex-
tremg 3. However, despite this tension between stability and efficiency to my
knowledge this note is the first work in the literature that provides a connection
between efficient network and Nash network by precisely pinpoints the source
of inefficiency in a Nash network; identities of link senders.

Second, my result shows that in a Nash network a strategic choice made
by self-interested agents who act as link senders, which results in every link
receiver being efficient, does in part lead to a socially desirable outcome. Put
differently, the fact that each link sender has to bear the entire link formation
cost does not cause a link sender to choose an inefficient link receiver. Thus,
by assuming a less general form of payoff function my result stands in contrast
to the remark of Jackson (2008), “there are still inefficiencies, most notably
since only one player bears the cost of a link while many players benefit from
its existence.”

Third, the above result also becomes a technical tool that refines some exis-
ting results in the literature. By incorporating small decay assumption, multi-
ple efficient networks (assuming no decay) can be ranked in terms of efficiency
of information flow. Consequently, a large set of efficient networks - which is
a technical difficulty in some existing work - can be substantially narrowed
down. At the same time, the incorporation of small decay assumption helps un-
derstand which efficient networks under the assumption of perfect communi-
cation are likely to be resilient to a small degree of imperfect communication.
In Section 4, I show how to use this technical tool to refine the results of Unlu
(2018), which finds that agent heterogeneity can lead to a large set of efficient
networks that contains long diameter networks.

A similar tension also exists if no decay and agent homogeneity or agent heterogeneity
as in Unlu (2018) is assumed. For more details, Unlu (2018) elaborates on this conflict
found in Jackson and Wolinsky (1996), Bala and Goyal (2000b) and Bala and Goyal
(2000a).

Indeed, such a tension has also been mentioned by Breitmoser and Vorjohann (2013).
In par ticular, Breitmoser and Vorjohann (2013) remark that stars or complete net-
works are efficient across various models of network formation, including two-way
flow model with bilateral link consent by Jackson and Wolinsky (1996), two-way flow
model with cut-off decay (Hojman and Szeidl (2008)), model with far-sighted players
(Dutta et al. (2005)), model with endogenous link strength (Bloch and Dutta (2009))
and model with transfer payments between players (Bloch and Jackson (2007)). Bre-
itmoser and Vorjohann (2013) complement the literature by showing that substantially
differ ent architectures of networks- redundant, incomplete and circular networks- are
efficient if noisy communication is assumed. See the first two paragraphs in Breitmoser
and Vorjohann (2013) for a comprehensive literature review.
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This note proceeds as follows. Section 2 introduces the model and two im-
portant concepts - efficient link receiver/transmitter and best-informed agent.
Section 3 provides main results. Section 4 provides applications of the main
results to the literature. Section 5 concludes with remarks on further potential
studies.

2. THE MODEL

This note primarily follows the notation of De Jaegher and Kamphorst
(2015), since it is the paper that this note seeks to complement.

2.1 Link Establishment And Individual’s Strategy

Let N ={l,..,n} be the set of all agents. An agent j e N can form a link
with another agent j without j’s consent. ij denotes such a link. The set of
all possible links that ; formsis L, = {ij; jeN\ {z}} . The set of all possible
links is L=y, L,. g, <L, is a strategy of i and &=V, g, is a strategy

profile. A strategy space G is G =2". Pictorially, a strategy profile g is also a
network, where an arrow from agent ; to j indicates that jj e g..

2.2 Information Flow

Information flow is two-way in the sense that it flows between two agents
regardless of who sponsors the link, hence the term ‘two-way flow model’.
Let ;je g represents that either ij e g or ji e g. Information can also flow
via a chain. A chain between i and j in a network g, denoted by P, ( g), isa
sequence of agents {ioil,...,ikflik} such that i =4,i, = j. If there is a chain be-
tween i and j, we say that ;{ and j are connected. A shortest chain between
i and j is, of course, the chain(s) between i and j with the least amount
of links. The distance between ; and j, denoted by dlj ( g) is defined as the
amount of links of the shortest chain(s). If j=; then we assume, following
the literature, that the distance between ;i and himselfis O.If j and ; are not
connected, then we set d, ( g) =00.

2.3 Information Decay

Let o e [0,1] denote the decay factor. For example, if the value of infor-

mation that an agent j possesses is 1 and the distance between j and j is k

then the information that i receives from j in g is o*.
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2.4 Small Decay Assumption

Suppose that information of j flows to i via a multi-link chain, then ; can
improve the information flow by establishing a link that results in a shorter
chain. Such an incentive arises if the improvement in terms of information flow
exceeds the increasing link establishment cost. However, if the decay factor
o is close to 1 then the improvement in terms of information flow becomes
marginal and, consequently, such an incentive to establish a link diminishes.
By the same analogy, from an efficiency perspective the benefits to all agents
in the network relative to the cost of establishing an extra chain also diminishes
if the decay is sufficiently small. As a result, there is at most only one chain
between any pair of agents. This small decay assumption is assumed in De
Jaegher and Kamphorst (2015) and will be assumed throughout this note. See
Lemma 1 that precedes Proposition 1 in the next section.

2.5 Network-Related Notations

A subnetwork of g is anetwork g’ such that g’c g. A network is said to be
connected if there is a chain between every pair of agents in the network. g’, a
subnetwork of g, is said to be a component of g if g’ is a maximal connected
subnetwork of g. A network is empty if no agent forms a link. A non-empty
component of a network or a network is minimal if there is at most one chain
between any pair of agents in the network. An agent ; is called a link sender
(receiver) if there is a link xy € g such that x =i (y ={). A minimally connect-
ed network is a star if there is an agent ; such that ij € g for every j=i> but
Jk ¢ g forevery jk#i.

Next, I introduce some notations concerning information flow. Let g be
a minimally connected network. Due to the fact that there is only one chain
between every pair of agents in g, a removal of the link ij € g further splits g
into two disconnected subnetworks - one containing ; and the other one con-

taining j . Let DL (g) and Di (g) denote these two subnetworks respectively.
L/ i .

Furthermore, let N (g) and N’ () be the sets of agents in these two net-
i y

works respectively. These notations will later be used to establish the concept
of efficient link receiver.

2.6 Modified Networks

g—1j is defined as g—ij = g\{l]} That is, g—ij is modified from g
by simply removing the link ij e g. Similarly, g+ij = guU{ij} is the network
g modified by adding the link jj. Of course, g—ij+kl=(g\ {ij})u{ki}
is the network g modified by removing the link #j and adding the link &/.
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Next, consider two disconnected networks g” and g” and assume that agents
i and j are in g’ and g" respectively, then we define g’®, g” as the net-
work that results from joining the two networks g and g" through the ad-
dition of the link ij. That is, g'®, g" =g’ g"U{ij}. Note that if ij € g then
Dj; (g)@ij D (¢)=¢-

2.7 Quantity Of Information

Let the value of information that each agent possesses be 1. Let
I; ( g) =6 That is, I;; is the quantity of information that i receives from
J in g. We then define the total information that ; receives from every agent
in the network as 7,(g)=Y _1,(g)=3 o). Observe that I, (g)=1.

jeN i jeN

2.8 Cost Function And The Payoffs

Let N’ (g)={jeN;ijeg} denote the set of all agents with whom i es-
tablishes a link. In most of the literature in the strand of two-way flow model
including the pioneering work of Bala and Goyal (2000b) (Proposition 5.5)
and recent works of Olaizola and Valenciano (2021) and Hoyer and Jaegher
(2023), cost function is assumed to be linear, agent homogeneity in link forma-
tion cost is also assumed and the benefit that each agent receives is precisely
the total information that he receives. To allow my results to be compared with
those of Bala and Goyal (2000b), this note will also adopt these assumptions.
This leads to the following payoff;

0,(8)=1,(8) -1 (8)e = X"~ (s)e

JjeN

where n’ (g)= |Nf (g)| :
2.9 Nash Networks

Consider a network g  such that a strategy of i is g: cg > Let
g =g \g sothat g =g Ug'.. g is said to be a best response of i if
U, (g) >U, (g,. ug:) for every g, which is a strategy of i . g is said to be a
Nash network if every agent chooses his best response.

2.10 Efficiency Of A Network

Let W(g):zn U,(g).- A network g dominates another network g

=1 i

if W(g)=W(g’). A network g is efficient if it dominates every oth-
er network. Consider the payoff as in Eq. 1, we can express W(g) as
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W(g)=> _I(g)-> i (g)c. We denote the first term on the right as

— ieN i

1(g)= Z,.ENI,- (&) and call it total informational quantity of the network g . Sim-
N

ilarly, We denote the second term on the right as E‘( g)=2../ (g)c and call it
total cost of the network g.

2.11 Efficient Link Receiver

In a minimally connected network g, consider a link)Ty eg. J is supe-
rior to j" as a transmitter with respect to the link xy if j’,j"e N” (g) and

— — — — — — xy

I ( g—xy+ xj’) > I | g—xy+x" |. Moreover, /j is said to be an efficient trans-
y

mitter with respect to the link xy if j* is superior to every agent in N v (g ) as

a transmitter. A link receiver j is said to be an efficient link receiver if j is an

efficient transmitter with respect to every link xy € g such that y = j. In a net-

work g, alink sender ; is said to be an efficient link sender if i is an efficient

transmitter with respect to every link xy € g such that x=1.

Remark 1. Assuming the payoff as in Eq. 1, the following can be said about
a minimal efficient network;

1. A minimal efficient network is such that every link receiver and every
link sender is an efficient transmitter. That is, every agent in the network is
an efficient transmitter.

2. Since a star is the unique efficient network within the class of non-
empty minimal network®, a star is a unique network such that every link
sender and every link receiver is efficient.

2.12 Best Informed Agent

In a minimally connected network g, Let M — N be a minimally connect-
ed subset of agents and i,j € M. i is better informed than j in the set M if
Doda(8)=22,,1x(8) If i is better informed than every other agent in the set
M, then | is said to be a best-informed agent in the set M . Alternatively, if

M=N* ( g) for a link x_y € g, we then say that i is better informed than j

with rexsypect to the link xy and i is best-informed with respect to the link xy .

Observe the following differences between the definitions of best-informed
agent and efficient transmitter. The definition of best-informed agent revolves
around the informational quantity received by each individual, while the defi-
nition of efficient transmitter revolves around the total informational quantity
received by all agents in the network. Despite these differences, it turns out

The result that a star is the unique architecture of nonempty minimal efficient network
is stated in Proposition 5.5 of Bala and Goyal (2000b).
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that the identity of an efficient transmitter and best-informed agent is identical.
This is proven in the next section.

3. MAIN ANALYSIS: PROPOSITION 1

I first state a lemma that establishes the threshold level of ‘small decay’
that guarantees that both efficient network and Nash networks are minimally
connected. I then relate the concept of efficient transmitter and the concept of
best informed agent in Proposition 1. All proofs are relegated to the Appendix.

Lemma 1. Let the payoff be as in Equation 1. For any ¢>0 and 724
there exists a threshold level of decay o, <1 such that for all o >o, every
nonempty efficient network and every nonempty Nash network is minimally
connected.

Importantly, this Lemma 1 implies that the small decay assumption as used
in this note is slightly different from that of De Jaegher and Kamphorst (2015).
Ok above guarantees that all nonempty efficient networks and Nash networks
are minimally connected, while the threshold level of decay O, as in Lem-
ma 4 of De Jaegher and Kamphorst (2015) only guarantees that all nonempty
Nash networks are minimally connected. Such a threshold is necessary since
Remark 2 in this note intends to establish a connection between nonempty effi-
cient network and nonempty Nash network, while De Jaegher and Kamphorst
(2015) intend to provide the characterization of nonempty Nash networks that
is minimally connected?.

Next, a pivotal lemma that is the basis for Proposition 1 is established be-
low.

Lemma 2. Let & and g&” be two minimally connected networks such
that §Ng”"=& and N’ and N” be the set of agents in & and 8"

Note that the result of Proposition 1 below would still hold even if 9 is replaced by
o, as in Lemma 4 of De Jaegher and Kamphorst (2015) since Proposition 1 only
points out that every link receiver in a minimally connected Nash network is efficient.
Note also that o above is never less than 0, for any cost c. Intuitively, the existence
of 0, as in De Jaegher and Kamphorst (2015) rests upon the fact that the benefit for
a link sender from establish a nonminimal link becomes marginal once the decay is
sufficiently small and hence cannot outweigh the additional link formation cost. o
above also rests upon the same analogy except that the decay also needs to be suffi-
ciently small to guarantee that the benefit to all agents cannot outweigh the additional
link formation cost. Finally, note also that because oy =0, Proposition 1 below is
established having in mind that all properties of nonempty minimal Nash networks are
as characterized in Proposition 1 of De Jaegher and Kamphorst (2015).
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respectively. Let ye N’ and yeN”. Define § =8 @_ g” . Then,
_ g
L 2 Ai(@)=1(g)+ol(¢)1,(g")

2. ZieN,,I,- (g)zy(g")‘*‘fflx (;g/)ly(g:) _
3. and hence, as a corollary, 1 (8) =1 (g’)+ 1 (g,')+261x (g’)ly (g")

This Lemma states that the total information in a network - 1 (g) - can be
calculated by assuming as if the the network is split via a link xy € g. I (g)
then depends [ (g’), I (g") s (g’) and I, (g"). Thus, if a link xyeg is
replaced by another link xz where z also belongs to the same component as y
, then whether total information in the network would improve depends solely
on whether I_(g")>1,(g"). This leads to the main result of this note below:

Proposition 1. Let the payoff be as in Equation 1, 724 and let the decay
be o e( Wi ) In a minimally connected network consider a link xy € g , J
is superior to j” as a transmitter with respect to the link xy if and only if
is better informed than J”. Consequently, (i) /' is an efficient transmitter
if and only if J” is best informed with respect to the link xy, (ii) in a Nash
network every link receiver is an efficient link receiver and (iii) A minimally
connected Nash network and a minimally connected efficient network share a
similarity: every link receiver is an efficient link receiver®.

The proof is given in the Appendix and the intuition is given as follows.
Lemma 1 in De Jaegher and Kamphorst (2015) shows that an agent whose net-
work position is ‘in the middle’ of the other agents tends to be a best informed
agent because his position implies that each chain through which information
arrives to him is relatively short, resulting in him suffering less decay’. By the
same analogy, being in the middle means that each path through which infor-
mation arrives to other agents from him is also relatively short, resulting in the
fact that information that reaches to other agents suffers relatively less decay.
In other words, once an agent’s position is optimal for receiving information

A straightforward corollary of this Proposition 1 is that in a minimally connected effi-
cient network every link sender and link sender are efficient and, equivalently, best-in-
formed.

Definition 2 in De Jaegher and Kamphorst (2015) defines a middle agent as follows.
“Consider a minimal connected subset of players M, M — N. We say that player j
is in the middle of set M in network g if for each neighbor k of j in network g the
following holds: in g more than half of the players in M (including k and Jj) are
closerto J thanto k.” Lemma 1 in De Jaegher and Kamphorst (2015) then guarantees
that a middle agent is always a best-informed agent in a network. More generally, even
if there is no agent whose position is in the middle, Lemma 1 in Charoensook (2020)
shows that a “positionally optimal” agent always exists.
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for his own benefit, it also becomes optimal for transmitting information for
the benefits of others. Example 1 below illustrate this intuition.

Example 1. Let us reconsider our motivating illustration mentioned
in the Introduction as in Figure 1. In Figure I(a), we can see that Su-
san’s position is in the middle of John and Pete. This makes her a unique
best-informed agent among the three. Indeed, if we set o =099 then
I(Swa/z)1+210.99:2,98> I(Jo/m) = I(Pele) =297=1+0.99+0.99° . More-
over, according to our Proposition 1 Susan’s position also makes her a supe-
rior transmitter of information relative to John and Pete. To understand why,
observe that if John establishes a link with Susan as in Figure 1(b), this link
yields him the benefits of 2.980 due to the fact that he becomes one link away
from Susan. By the same analogy, Matt and Michael receive the benefits of
29807 due to the fact that they are two links away from Susan.

On the other hand, if Frank establishes a link with John or Pete, who is less
informed than Susan, as in Figure 1(c)? Then from this link establishment Frank
receives 2.97c, Mike and Matt receive 2.97c°. Because 2.97c < 2.98c
and 2.9702 <2.9807, we conclude that Frank, John and Pete always receive
less informational quantity if Frank establishes a link with John or Pete rather
than with Susan. Thus, Susan is an efficient transmitter and, according to the
previous paragraph, a better informed agent relative to John and Pete. This
echoes what our Proposition 1 states “ /" is superior to /" as a transmitter
with respect to the link xy if and only if J” is better informed than j”.”

In terms of strategic action, observe also that Frank would also prefer to
form a link with Susan rather than John or Pete because he always receives
less if the link with Susan is replaced by a link with John or Pete ( 2.97c < 2.980 ).
Thus, Susan is an optimal choice as a link receiver from the strategic point
of view of Frank and also, according to the previous paragraph, an efficient

<

transmitter. This echoes what our Proposition 1 states, “...in a Nash network

every link receiver is an efficient link receiver.”

Remark 2. Let the payoff be as in Equation 1, 7n2>4 and let the decay be
oe(o,.1 ) a minimally connected efficient network, which is a star, and a
Nash network have the following difference®. In a minimally connected Nash
network a link sender is not necessarily efficient, while it is so in a minimally
connected efficient network.

The result that a star is a unique architecture of nonempty minimally connected effi-
cient network is stated in Proposition 5.5 of Bala and Goyal (2000b).
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4. APPLICATIONS TO THE LITERATURE

Finally, I turn to discuss some potential applications of Proposition 1 to the
literature. Specifically, a major technical difficulty in the literature is that with-
out decay the set of efficient networks can be very large. This section develops
two algorithms that can, in part, solve this problem. Example 2below provides
a motivational case in point.

Example 2. Consider the following example, which is modified from Ex-
ample 1 in Unlu (2018). Let n=9. Let ¢, be the link formation cost that
/ pays to establish a link with . Let us assume player cost heterogene-
ity. That is, ¢, =¢, for every 7= ;. Let o =1 (i.e, no decay), V=100
where V' is the value of information 2possessed by each agent and let the
payoff be z, (g ):IOOZLENO"{”(‘” —(n,’c, ) . Let agents consist of 3 groups: {L}
(ML) H HLHH ) and set ¢ =12, ¢, =c, =1.5
. Gy =Gy =Gy =6, =G, =3 . As in Unlu (2018) without decay, all net-
works in Figure 2 are efficient. To see why, observe that all these networks have
the same total informational quantity (due to no decay assumption) and total
link formation cost since agent L sponsors one link, intermediate cost agents
M, M, sponsor two links and high cost agents sponsor no links except /1,
who sponsors one link'°. Any deviation from such link sponsorship profile will
incur a higher total link formation cost due to the convexity of the cost func-
tion. For example, if the lowest cost agent L sponsors four links instead of
three links and the highest cost agent /A, sponsors no link instead of one link,

then the total cost of link formation increases from 930.96 to 932.04.

Note that the payoff here assumes a cost function that is more general than that of
Equation 1.

Note that, of course, there are also other networks beside these eight networks that are
efficient for the case of no decay. Specifically any network such that L sponsors one
link, intermediate cost agents M,,M, sponsor two links and high cost agents sponsor
no links except H, who sponsors one link is efficient.
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FIGURE 2
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A natural question that arises is how to narrow down such a large set of
efficient networks. In what follows, by introducing the small decay assump-
tion, I establish two algorithms that effectively serve this purpose. These two
algorithms are simply a straightforward application of our main results as in
Proposition 1!!. while the formal statements of these two algorithms are inclu-
ded in the Appendix, their results are stated below. We first begin with some
preliminary notations.

5. PRELIMINARY NOTATIONS

Let n(g)=|g|. That is, n’

7 (g) is the number of links that agent i
sponsors in g&. We say that two networks g and g’ are LS — equivalent if
n'(g)=n’(g) for every agent i e N'2. For example, all networks in Figure
2 are LS — equivalent because, as mentioned in the above Example 2, “agent
L sponsors one link, intermediate cost agents M|, M, sponsor two links and
high cost agents sponsor no links except H, who sponsors one link.” Next, we
say that a network g is improved from the network g if 1(g')> I(g)and
g and g are LS -equivalent. If 1 (g')> I(g) we say that g’ is superior to

g.1f 1(g)>1(g) forevery g# g then we say that g’ is optimal network.

1" These two algorithms are developed upon the suggestions of an anonymous reviewer,

whom I would like to thank.

12 LS stands for link sponsorship.
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_Next, recall that a chain between i and j in a network g, denoted by
P (g) is defined as a sequence of agents {zo_zl,, k—llk} such that i, =i,i, = j
. A path is defined similarly, except that link sponsorship is one-directional.
That is, a path from i to j is a sequence of agents {ioil,...,ikflik} such that
i, =1i,0, = j. A path from j to j in a network g is denoted by P,.j (g) In a
minimal network, a link #j is said to point away from an agent ¢ if ij is the
last link in a chain between ;/ and j . A path is said to point away from an
agent 7 if every link in this path points away from ;. By the same analogy,
a link jj is said to point towards an agent i if ij is the last link in a chain
between ¢ and i. A path is said to point towards ¢ if every link in this path
points towards ¢ . Finally, in a minimal network a terminal agent is an agent
that has precisely one link.

Next, we define the following sets of links. Let i be a best-informed
agent in the network g. L’ (g)={ijeglij points towards i andi, j i}
and Ly, (g)= {ii* ¢ glevery link jj € L' (g)becomessii | . For exam-
ple. in Figure 2 [*'(g')={M,H,,MH,} and Ly, (g)={M,L.M L}
. Next, let P, be a maximal multi-link path pointing away from a best -in-
formed agent i" to a terminal agent . Let L*?(g) be the set of all links
that belong to such path(s) in g. We partition L**(g) into two sets:
' (g) is the set of all links #j such that ij is the first link on each path
13” eLS‘z(g) and 52 (g) is the rest of the links in L“(g)- Two more
sets are introduced as modifications of Lf*z" (g) and r (g) as follows.
L2, (g)=titeglij e’ (g)andij €P,}. That is, for each link in

5 g) we fix the link sender but changes the link receiver to be a terminal
agent. 32 (g)={i'i" ¢ g|thereisanagent j’ such thati’ j e L** (g)}. That

l

MOD B
is, for each link in L*? ( g) we fix the link sender but changes the link receiver

to be the best-informed agent ;* . For example, consider the network g"* inFig-
ure 3. L*? (g"z) consists of two links - LH,, H,H, . Hence, [5%' (g”) ={LH},
L7 (¢")={HH,} - Ly, (8)={LH,} > Ly, (¢"*)={H,L}-

We are now ready to state the first result of this section, which shows that
Algorithm 1 always leads to an improved network.

Corollary 1. Let the decay be small such that o e( Oy, 1 ) Consider a
minimally connected network & such that £%'(g)=& . Let ije L™ (g).
Then the network g’=g -1+ is improved from g . Thus, as in Algorithm 1
the final network g*:(g N\ LS’I(g))uLj;’;ﬂ (g) where LS”(g*):@ is im-
proved from g .

The proof of this corollary is straightforward and hence is omitted. Intui-
tively, in a network g Algorithm 1 replaces a link ij with a link ;;* where i s
a best-informed agent. To understand why this leads to an improved network,
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observe that because we assume thatin g ;" is a best-informed agent we know
that in g—ij ;" remains a best-informed agent. Thus, by Proposition 1 i" is
superior as a transmitter compared to i . It follows that g—ij+ii is superior
to g—ij+ij = g . The example below illustrate this intuition.

Example 3 (Example of Algorithm 1). Figure 3 shows how the network & !
is improved into g"', which is further improved into the final network e It

also shows how g” is improved into the final network g/“.

Next, we establish a result that guarantees that our Algorithm 2 always
leads to an improved network. This result is a (non)straightforward corollary
of our Proposition 1. The proof is relegated to the Appendix.

Corollary 2. Let the decay be small such that o € ( oyl ) ). In a minimally
connected network g, let there be a two-link path consisting of three agents
7,7 and r where 11,i'7 € g and t is a terminal agent. Then, a modified net-
work g =g —i7—ir+ir+i" is improved from & . Thus, as in Algorithm 2
the final network g = (g‘ \ [zs’z(g )) Ul/%; (g ) u[,;;;; (g) is improved
from g‘ . Moreover, L“(g Y=o,

FIGURE 3
AN EXAMPLE OF ALGORITHM 1 AND 2
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Example 4. Consider the network & 2 and Figure 3. Through one iteration
of Algorithm 2 we achieved the network e =g"" ~-HH,-LH +H L+ LA,
(""" =g’ ~MM, - MH, +M,M, + M/, ), and through two iter-
ations of Algorithm 2 the network ¢”' is transformed into g”? and
then "™ . Making use of Corollary 2we have /(g"**/> /(g"z and

;(g//,**) > ;(g//,z) > ;(gl/,l) .

Finally, Algorithms 1 and 2 and the resultant Corollary 1 and 2 to establish
the main result of this subsection below:

Corollary 3. Let the decay be small such that o e( oy, 1 ) ). Any mini-
mal network g such that ' ( o ) UL’ ( o )¢ & can be imprmifd through
Algorithm 1 and 2 above. It can be improved into network g such that
LS'I(gH)uLS’Z(g**):Q through the following procedure. First, use Algo-
rithm 1 to obtain g*:(g \LS’I(g))uL;;;D g}. Then use Algorithm 2 to
obtain the final network g =[g"\ L”(g*) uLs (g}ul/f,;; (g*). This
&  has the following properties:

4.  ifanagent ;" is a best-informed agent in the initial network g then

7" is also a best-informed agent in & ’

5. every chain from ;" to a terminal agent has at most two links. If a

chain between ;° and a terminal agent is precisely one link, then either ;°

or the terminal agent sponsor the link. If the chain between 7* and a ter-
minal agent has precisely two links, then neither i nor the terminal agent
act as a link sender.

6.  since every chain from " to a terminal agent has at most two links,

g** has a diameter of at most 4 .

7. in g~ there are altogether K +/Zl_f(g) agents who are one-link

away from 7", where K is the number of all agents who are link senders

except ;" in g, and the rest of the agents are two-link away from 7" .

The proof of this corollary is straightforward and hence is omitted. Exam-
ple 5 below provide an intuitive illustration for each of these properties.

Example 5. Consider the network g’ ( g” ) in Figure 3. Through two it-
erations of Algorithm 1 and then one iteration of Algorithm 2 we achieve the
network ¢ Observe thatin g’ agent [ is the middle agent and hence the
best-informed agent (See Footnote 7). For each of the iterations, observe that
there is one more agent that becomes one link away from L . Thus, L remains
a best-informed agent in the network throughout all iterations. This illustrates
property (a) in the above Corollary 3. Next, observe that in g"" each path
from [ to a terminal agent has at most two links. In particular, observe that
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the path from [ to H, has precisely two links, both of which are sponsored by
the agent M, who lies between the two agents. This illustrates properties (b)
and (c) in the corollary above. Finally, observe that in & " there are six agents
that are one link away from L . Three of these six (five) agents are accessed by
7", while the other three agents sponsor themselves. This illustrates properties
(d) in the corollary above.

Importantly, the last property in the above Corollary 3 also necessitates that
the final network g™ achieved through Algorithm 1 and 2 is not necessarily
optimal within the class of all LS — equivalent networks'®. We state this obser-
vation as a remark and then provide an example below.

Remark 3. Let the decay be small such that o € (O'K, ]) ). As a corollary of
the property (d) in 3, consider two minimally connected LS equivalent net-
works g and g such that L“(g)ul,“(g);fﬁ Let 1 ! and 1 “2 be the
best-informed agent in ¢ and &’ respectively and let & and g”"" be the
final networks achieved through Algorithm 1 and 2. If 7, ( g )>11 ( g ) then
&' is superior to ¢>"". Thus, within the class of LS equivalent network,
only the final network & " such that the best-informed agent is a largest spon-
sor is a unique optimal network.

Example 6 below provides an intuitive illustration of Remark 3above.

Example 6. Consider networks g/and g” in Figure 3. Observe that gl
and g” are LS— equivalenl Next observe that L and M, are the best-in-
formed agents in g' and g” respectlvely but n (g ) 3>n (gl/):Z 14
Next, constder the two final networks §" and ¢"" lmproved from g’
and g respectlvely Observe that 7, (g ) 6>n (g”'**):_f while
7, (g ) 2>/1M (g”** =3 . Thus, m g " there are more agents who are
of distant 2 from each other than in g""", yet there are less agents who are

of distant 3 and 4 from each other than in g”"". We conclude that ¢ is

/**
superior to g™ .

Finally, we apply our Algorithms 1 and 2 to narrow down and precisely
identify the set of efficient networks in Example 1 as follows:

Ak

In the sense that there exists another network g™ that is LS — equivalent to g~ such

that 1 (gw)> I(g**).

For each agent i in a network g, we denote the set of agents that are of k-links away
from i as N'(g). Naturally, nf(g)= ‘N,‘ (g)‘ is number of agents that are of k -links
away from i .
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Example 7. As a continuation of Example 2, first recall that all net-
works in Figure 2 are efficient networks if there is no decay. Now, if we
assume small decay by setting o =0.999, we can partially rank these
networks and hence narrow down the set of efficient networks as fol-
lows. First, making use of Algorithm 1 and Algorithm 2 as shown in Exam-
ple 3 and 4 we conclude that 7(g’)< /(g”’)< l(g”z)< l(g/’ﬂ) and

/(g”) < /(g”'l) < /(gm) < /(gl'** . Second, because we assume player
heterogeneity in link formation cost and that all these networks are LS-equiv-
alent, we know that all these networks have the same total link formation cost.
Combining these two reasons, we conclude that & “is dominated by g”’l,
which is dominated by g7, which is dominated by g”"". Thus, among eight
networks that are efficient when there is no decay, six are eliminated as can-
didates for efficient networks if small decay is assumed. Only g”" and g
remain candidates for an efficient network.

Next, we answer the natural question that arises: whic_h nerwork_g/’** or

¢ - dominates the other? Recall from Example Sthat l(gl’**)> /(g”’**)
. Following the same line of reasoning as in the above paragraph, we con-
clude that g”"" dominates g”"". Indeed, recall from Remark 3 that within
the class of LS-equivalent network, g™ is a unique optimal network because
its best-informed agent L is the largest sponsor. Furthermore, recall that we
set our decay to be very small, that is, o =0.999. Thus, any network that does
not dominate """ in the case of no decay also does not dominate g""" for
o =0.999 . It follows that & “lisa unique efficient network.

Observe how useful our Algorithms 1 and 2 are. From eight efficient net-
works in case of no decay as in Example 2, this set is narrowed to just one
efficient network by assuming small decay and applying Algorithms 1 and 2.

6. CONCLUSIONS

In this note, I show that in a Nash network every link receiver is an efficient
transmitter of information in the simple model of two-way flow network with
nonrival information pioneered by Bala and Goyal (2000b) if small decay of
information is assumed. This results in an insight that a strategic decision of
self-interested agents to form links can, in part, leads to a socially desirable
outcome. In Section 4, I also show how this result can be applied to refine and
resolve the technical difficulties in some existing literature in terms of charac-
terization of efficient networks.

It is important to keep in mind, however, that this note follows the conven-
tion in the literature by assuming that the benefit of each agent is precisely the
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total information he receives in the network. Consequently, how a more gen-
eral form of benefit function could alter the characteristic of efficient network
and the main result of this note becomes a future research question to explore.
In addition, another open question is of whether the result of this note can be
extended to a more general case such that any level of decay is assumed.
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APPENDIX
ALGORITHMS
Algorithm 1.
1.  Initialization:
a.  Begin with the network & such that L“(g) Zz .
2. Selection:
a.  Choose any link jje L™ (g ).
3.  Modification:
a.  Obtain a modified network g by performing the following opera-
tionson &:
i. Remove the link 77 .
ii. Add the link 7"
b Thus, & =g~y +74 . Note that L*'(¢") = 2" (¢) \ {5/}
4.  Check and Repeat:
0 I L) D :
i. Setg=g".

ii. Repeat steps 2 and 3 with the updated network s .
5. Termination:
a.  Continue the process until L* ’( g ) .
b.  Denote the final network as g . Note that & (g N\ LY (g))u oo (&),
where g is the initial network.

Algorithm 2.
1.  Initialization:
a.  Begin with the network g such that L“(g ) = .
2. Selection:
a.  Choose two links 7,5, and 7z, in Ls’z(g) such that i, is a terminal

agent.
3.  Modification:
a.  Obtain a modified network &' by performing the following opera-
tionson g':
i. Remove the link 7,7, and 77, .
ii. Add the link 7,4, and 47"
b.  Thus, g =g —j,i —ii, +4),5 +7i
4.  Check and Repeat:
a If L% / g )¢ a:
i. Set g =g.
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ii. Repeat steps 2 and 3 with the updated network & B
5. Termination:
a.  Continue the process until [,”'(g) .
b.  Denote the final network as g

USEFUL LEMMATA

Proof 1 (Proof of Lemma 1). According to Proposition 1 and Lemma 1
in Unlu (2018), in the absence of decay, every nonempty efficient network is
minimally connected. Since the aggregate payoff W( 4 ) is continuous in o , it
follows that for any ¢ > 0, there exists o©,, <1 suchthatif o >0o,,, then every
efficient network is minimally connected.

Next, recall from Lemma 4 in De Jaegher and Kamphorst (2015) that for
any ¢>0 and n2>4, there exists 0,, <1 such that if O >0, , then every
Nash network is minimal. Also, recall from Lemmas 5 and 6 in De Jaegher and
Kamphorst (2015) that every nonempty minimal Nash network is connected.

Hence, there exists o, <I, where 0, =max (O'M,O'M,) , such that if

O >0y, then every efficient network and every Nash network is minimally
connected.

Proof 2 (Proof of Lemma 2). First, consider 7€ /N’ . Observe that in '
7 receives information of agent in &" via the agent x € NV who, _in turn, re-
ceives from the y € N with whom he is one-link away because xy e g . This

fact lmplles that 2 (é’) o/, (g”) and 2/,/ (é’) ol o/, (g” Next,

denote £y ( 8 ) - the total information that all agents in g’ receives from §”
via the link xy . That is,
1iai(8)=2 P/ («s’)/ Z(O"’ “or,(s"))=01, (5’72(0" “)=c1,(s")1,(2)
eV’
On the other hand, we know that the total information that all agents in &
exchange with each otheris [ ( o ) This fact and the above expression lead to

DU(8)=1(8)+ ()= 1(8) 401, (8)4, (27).

eV’
This completes the first part of this lemma. The second part of this lemma

follows the same analogy so that;
D7 (8)=1(s")+01,(s')1,(8).
eN”
Lastly, observe that part (iii) is simply due to the fact that

Zli (é’) :2// (3)‘*21/ (g) . This completes our proof.

eV eV’ eN”



256 Estudios de Economia, Vol.52 - N° 2
PROOF OF PROPOSITION 1

Proof 3. First, by Lemma 1 we know that if decay is sufficiently small
then all Nash networks and efficient networks are minimally connected.

Let & =D",8"=D",N' =N’ and N'=N’ so that g¢=¢®_¢g" and
Xy Xy xy xy

Xy

g—xy+x=¢ ®_g" and g—;y+ x]_'" =g ® g" forany j,;”e N’.Using
Xj X" xy
Equation in (3) of Lemma 2 we know that (g - ;y+ ;]’j > (g - ;y+ )&”j if

and only if 7,” (g")= ?j, (D ) > 71 (g")= 71 (Di ) . Hence, j is superior

xy xy
to j" as a transmitter if and only if j’ is better informed than j” and j is an ef-
ficient transmitter if and only if j”is best informed with respect to the link x_y .
Finally, to prove (ii), recall Remark 1 in De Jaegher and Kamphorst (2015)
thatifalink ij € g and g is Nashthen j is a best-informed agent with respect
to ij.

Proof 4 (Proof of Corollary 2). First, consider the network £ as in Fig-
ure 4a, which has ;" as a best-informed agent and a terminal agent 7 who
sponsors himself by accessing another agent 7, who receives a link from an-
other agent 7. Observe that if we modify g’ into §'=g —#/+1it asin Figure
4b then g' has a two-link path consisting of three agents /,/ and r where
,i'7e g and r is a terminal agent, which is precisely what this lemma as-
sumes. Observe further that by our construction & and g' share the same
architecture. Thus, l(g? = /(g) .

Next, we modify & and g  into g'=g —ri+1i" and
g =g —/i—it+7r+4" asin Figures 4c and 4d. Again, by our construction,
g” and & " share the same architecture. Thus, 1(g")=1 ( g )

Next, because g”=g'—1/+4" and 7" is a best-informed agent by Propo-
sition 1 we have /(g”)>/(g'). Finally, making use of the last sentences of
the above two paragraphs we conclude that 7 (g”)= /(g ‘)> /(g‘): /(g) .
This completes our proof.
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FIGURE 4
OUR NETWORKS AS IN THE PROOF OF COROLLARY 2
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